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Let f(x)eZ[x] with positive leading coefficient and of degree 22. We define 
f,(x) to be the m-fold iteration of f(x); i.e., f&x)=.x and f&x)=f(f,-r(x)), 
m E N. Denote by 0,(x;S) the formal Cantor series 
H,(x;f) = i 
1 
m=O .fo(x).f;(-~) “,f,(l) 
and detine Q(x;f) = lim, _ 7- @,,(x;f) for those XE N for which the limit exists 
(i) Iff(x) is of the form x(x+2)(x-2)g(.x)+x-2 with g(x)eZ[x], we 
can determine the simple continued fraction expansions of @,(x;f) and of Q(x;f) 
for any integer x > x,(f), where x,(f) is the least integer > 3 withf(x) > 2x - 2 for 
all x ax,(f). We also show that fI(x;f) is transcendental for any such x except 
when g(x) I 0 in which case 0(x; x2 - 2) is a quadratic irrational for all .Y > 3. 
(ii) If/(x) is also of the form x*(x + 2)(x- 2)g(x) +x’- 2 with g(x) E Z[x], 
g(x) $0, we can, in addition, determine the simple continued fraction expansions of 
fI,,(x;f)/x and of Q(x;f)/x for any integer x > xz(,f), where x2(f) is the least integer 
> 3 with f(x) > 2x’- 2 for all x > x2(-f). 
For the cases n = 1,2, and 3, we also prove that f(x) is necessarily of the form (i) 
for the continued fraction expansion of l),(x;f) (x 2 x,, x E N) to be symmetric and 
that f(x) is necessarily of the form (ii) for the continued fraction expansion of 
0,(x;f)/x (x 2 x2, Y  E N) to be symmetric. i 1991 Academic Press. Inc 
1. INTRODUCTION AND RESULTS 
Let us consider the Cantor series 
en(x) = ~,(x,f) = i 
1 
rn=o fo(x)fi(x)~~~fm(x)’ 
O(x) = O(x;f) = lim O,(x;,f), 
n + x 
(1) 
wheref(x)EZ[~],f,(x)=,f(f,~ ,(x)) (~2 l), andf,(x)=x with XEZ. For 
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f(x) = xk, a definite pattern of the simple continued fraction expansion for 
the series 
;+;s(U”-‘;f)= f f (U B 2, an integer) 
?I=0 
was first found by Shallit [8], and later by Kohler (k> 2) [2]. See also 
Shallit [9, lo] and Pethij [7]. For the case of f(x) =x2 -2, 0(x) was 
studied by Lucas [4] and Sierpinski [ 111, and the simple continued frac- 
tion expansion for 0,(x) is discussed by Tamura [12]. 
In this paper, we shall give explicit formulas for the continued fraction 
expansions of the series (1) under only minor restrictions; namely, f(x) is 
such that the continued fraction expansion of e,(x) or 19,(x)/x with 
n = 1, 2, 3 is “symmetric” in the sense specified in Section 4. 
Throughout this paper, we shall use the following notation: 
[x] = the greatest integer not exceeding x, {x} =.x - [xl, 
C a,;a,,a,,...]=a,+ l 1 . 
a,+------- 
a*+.. 
Then we have the following 
THEOREM 1. Let f(x) be a polynomial of the form 
(i) f(x)=x(x+2)(x-2)g(x)+x-2, g(-x) E Z[I.yl, 
where the leading coefficient off(x) is positive, and let x, = x,(f) > 3 be the 
smallest integer such that 2x - 2 <f(x) for all x > x,. Zf x ( 3 x,( f )) is an 
integer, then the continued fraction expansions for the series O,(x) and O(x) 
are given as follows: 
O,(x) = [O; -xl, 
8,(x)[O;x-1, l,d,, 1,x-11, 
and 0, + ,(x) is given recursively b-v 
~n+l(X)=[O;a,,~2,...,~k-l,~k-l, l,d,+,, 1,ak-1,ak~I,...,a2,a11 
t < 
if e,(x)=[o;~,,~2,...,ak~,,akl with ak > 1. (*) 
In particular 
8(x)= [O;x- 1, 1, d,, 1,x-2, 1, dZ, 1,x-2, 1, d,, 1,x-2, 1,d3, . ..I 
SYMMETRIC CONTINUED FRACTIONS 253 
whose partial denominators consist of 1, x - 1, x - 2 and d,, dZ, ,.., where d, 
(n = 1, 2, 3, . ..) are positive integers given by, 
&= CfAxMfob)fib) . ..fn-t(x))l- 4 
and the length k of the continued fraction O,(x) above is given by 
k=2”+=-3, 
THEOREM 2. Let f(x) be the polynomial of the form 
(ii) f(x)=xz(x+2)(x-2)g(x)+x2-2, g(x) E ax1 
with positive leading coefficient. If g(x) is not identically zero and x 
( 2x,( f )) is an integer, then the continued fraction expansions for the series 
8,(x)/x and 8(x)/x are given as 
Q,bYx = co; x21, 
l9,(x)/x = [O; x2 - 1, 1, 241) 1, x2 - 11, 
- A 
and 8, + 1(x) is given recursively by 
[“;a1,a2,...,ak-l,ak-1, l?%+lj l,ak-l,ak-l,...,a2,al] 
if en(x) = [o; al, a22 . . . . ak-I, akl with ak>l. 
(**I 
Here x2 = x2(f) > 3 is the smallest integer satisfying 2x2 - 2 <f(x) for all 
x > x2. In particular 
8(x)/x = ~0; x2 - 1, 1, ul, I, x2 - 2, 1, u2, I, x2 - 2, I, ul, 
1,x=-2, 1, u3, . ..I. 
where u, (n = 1, 2, 3, . ..) are positive integers given by 
u,= Cf,(x)l(x~fo(x)fl(~~)...f,-1(x))]- 1. 
Remarks. The condition (i) or (ii) on the polynomialf(x) stated in the 
theorems above is equivalent to the following (i)’ or (ii)‘, respectively: 
0)’ f(O)= -2, f(-2)=2, f(2) = 2 
(ii)’ f(0) = -2, f(-2)=2, .f(2), f ‘(0) = 0 
In Section 4, Theorem 3, we show that the condition (i) or (ii) is 
necessary and sufficient for O(x) or 0(x)/x to have “symmetric” simple con- 
tinued fraction expansions. Some specific examples of the simple continued 
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fraction expansions for (1(x) will be given in Section 5. Mahler [S] con- 
sidered the series C,t= 0 s”’ = .Y + 0(x ’ )/x ’ with j(x) = xy2 and proved 
that C,“;, x’” is transcendental for all algebraic numbers x with 0 < 1.~1 < 1 
(a simple proof can be found in Loxton and van der Poorten [3, I]). In 
Section 6, Theorem 4, we prove that (3(x) with j’(x) given in Theorem 1 
is transcendental for all integers x > x,, except when f’(x) = .Y’ - 2; this 
exceptional case is discussed in [4, 11, 121. 
2. THE PROOF OF THEOREM 1 
To prove Theorem 1, we make use of the following’ Lemmas 1-3. In this 
section, we assume that the polynomialf(x) is of the form (i) and we put 
A, = ‘%I(-~) = 1 + i fm(x)fm+ lb) . ..fJ.x), n2l;A,=l, 
VI=1 (2) 
B, = B,(.x) = f&)fi(x) . . .fh), n 20. 
A, and B, are the numerator and denominator of the series 0,(x) given by 
(l), respectively. Note that A,(x) and B,(x) (XE Z) are not necessarily 
coprime. 
LEMMA 1. If x (~0) is an integer, then A,(x)‘- 1 is divisible by x for 
all non-negative integers n. 
Proof By the definitions (2) and (i), we have 
A,(O) = 1, A,(O) = - 1 (n>O) 
so that A,(O)‘- 1 = 0 (n 2 0). This implies that A,(x)’ - 1 is divisible by x 
in Q[x], and the lemma follows. 
LEMMA 2. Let x (ax,) be an integer. Then B,(x) # 0 and A,(x)~ - 1 is 
divisible by B,(x) for all non-negative integers n. 
Proof: Ifxax,, theqfromthedelinitionofx,, 3,<x<2~-2<f(x)< 
2f(x)-2<f,(x)< . . . . so that 
3~fo(x)<fl(x)<f2(x)< .... (3) 
Hence B,(x) # 0. Now from Lemma 1, we get 
fib) I ~,(fifx))2 - 1 (4) 
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where a I b means that a divides b. On the other hand, we have 
Ati+i(x)=l + i + “i’ 
( 
fm(X)fnt+1(X).“~2+i(X) 
m=l ‘) m=i+l 
= 1 +Lf-~)fi+ I(X) . ..fi+.,(.x) 
x(l+~z’/.,(-,r.,,.,(-)~~~/;~l(.~~) 
m=l 
+ i fm+i(X)fm+i+I(X)“.fn+i(X) 
m=l 
= A,(“fifx)) (modfib)), 
in view of (2). Hence we obtain, from (4), 
fib) I 47+A-4’- 1 
for all non-negative integers i, n; namely, 
fm(x) ) A,,(x)~ - 1, m = 0, 1, 2, . . . . n. (5) 
It remains to be proven 
B,(x) =fo(x)fi(x) . . .fJx) 1 A,(x)’ - 1, m = 0, 1, 2, . . . . n. (6) 
Since we have h;.(x) =h-;(h(x)) =hPi(0) (modf;(x)) for i<j, noticing 
here that 
A-i(O)= Pi 
i 
for j=i+l, 
for j>i+l, 
we obtain 
GCD{h(x),f;(x)} = GCD(fi(x), 2) = 1 or 2. (7) 
We consider the following cases. 
(1”) x: odd, g(x): even 
(2”) .Y: odd, g(x): odd 
(3”) x: even. 
Case (1”). Since by (i) h(x) (i=O, 1,2, . ..) are odd, GCD{fi(x), 
f;(x)} = 1 (i#j), in view of (7). Hence (6) follows from (5). 
256 JUN-ICHI TAMURA 
Cuse (3 ) Let u be the positive integer such that 2” /) x, i.e., 2” / .y and 
2”’ ’ J s. Then we get 
.y E 2“ (mod 2”+ ‘). 
From this, we have, in view of (i), 
f,(x) = -2 (mod 2”’ I), .f,b) = 2 (mod 2U+ ‘), ?I> 1, 
and therefore, we get inductively 
A,(,q2 - 1 = 0 (mod 2” + “), II > 0, 
since A,(x)‘- 1 =f,,(x)(f,(x) A,- r(x)‘+ 2A,- ,(x)). But 2”‘“ljf0(x) x 
f,(x) . . .f,(x). This implies (6). 
Case (2’). We have 
x= 1 (mod 2), f(x) E 2” (mod 2Uf’) 
j-2(x) = -2 (mod 2’+ ‘), f,(x) = 2 (mod 2”+ “), n > 2, 
and A,(x)’ - 1~ 0 (mod 2’+‘), and this implies (6). Thus the proof of 
Lemma 2 is completed. 
LEMMA 3. if x (ax,) is an integer, then 
+2y4?(x) l -- 
B,(x) (n>,O). 
Proof. From (2) and Lemma 2, we have 
K, ,(x1 A&)‘+ 2~,~-~))lB,(.~) = (A,, ,(-y)‘- 1 )lB,(x 
and A,(x)~/B,(.x) = l/B,(x) (mod 1). Hence we get (f,, 
B,(x) = 0 (mod 1 ), i.e., 
)=O(mod 1) 
+ l(X) + 2‘4,b)V 
Nz(.~)lB,(-~) = -f,,+,b)/Mx) (mod 1). (8) 
But we have from (3) 
0 < 2,4,(.x)/B,(x) < 28(x) < 1. 
Therefore, we obtain from the congruence (8) 
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noting that fn+ ,(x)/B,Jx)$ Z, since f,,, r(x) = -2 (mod fn(x)) and hence 
fn+ ,(x)/fJx) $ Z. This proves Lemma 3. 
Proof of Theorem 1. Let e,(x)= ,4,(x)/B,(x) be represented by the 
simple continued fraction expansion (*) of length k = k(n) = k(n, x) and let 
pm/qm (0 6 m <k) be its mth convergent. Then, from Lemma 2, A,(x) and 
B,(x) are coprime integers, so that 
A,(-x) = Pk, B,(X) = qk. 
The proof will be completed by induction. We have by a direct caicula- 
tion e(x) = [O; x] and 
Here (f(x) +2)/x- 2 >O (x2x,) and from Lemma 3 with n =O, 
(f(x) +2)/x = [f(x)/&,(x)] + 1 E Z. Hence 
(f(x) + 2)/X - 2 = d, 
is a positive integer. Thus the statement (*) holds for n = 0. 
Assume that the statement (*) holds for n < m. Then we have 
k=k(n)=2”+’ - 3 (n 6 m), and so we can write 
Hence we have 
and therefore 
-(dm+, +2)+qkp,/qk 
=[o; -1, l,d,+,, 1,ak-1,ak~l,ak-2,...,a2rall. 
Thus we obtain 
[“;al,a2,...,ak-l,ak-1, l,d,+l, lrak-l,ak-1,...ra2,a,l 
= [o; al, a,, . . . . akp ,, ak, 0, - 1, 1, 
d m+l, 1,ak-1,ak~l,...,a2,all 
J-dm+, -2+qk~l/qk)Pk+Pk-I 
(-dm+, -2+qk -l/qk)qk+qkLl =5m’ 
say. 
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From Lemma 3, we have 
Therefore: we get 
< =(fm+,(X)+2pk)Pk-Pkqk~I-qkPk~l 
m  
(fm+*(-Y)+2Pk)qk-29kYk -I 
Here we have 
-qkPk-l= -Pk9LI + 17 
since k = k(m) is odd by the induction hypothesis, and 
Pk = qk - 1) 
since O,(x) has a symmetric continued fraction by the induction hypothesis 
and hence pk/qk = qk ~, /qk (cf. Section 4). Thus we obtain 
CO;~,,~*,...,~k(m)~l,~k(m)-l, 1, 
d m+l~1,~k(m)-1,~k(m)-l,~~~r~2,~,l 
This proves the statement (*). 
3. THE PROOF OF THEOREM 2 
We shall only sketch the proof, as it is similar to that of Theorem 1. Let 
f(x) be given in Theorem 2, and define A,, B, as in Section 2 (2). Then we 
can show the following lemmas. 
LEMMA 1’. If x( #O) is an integer, then A,(x)* - 1 is divisible by x2 for 
all non-negative integers n. 
LEMMA 2’. Let I ( ax,) be an integer. Then A,,(x)’ - 1 is divisible by 
xB,(x) for all non-negative integers n. 
LEMMA 3’. If x ( ax,) is an integer, then 
fn+~(x)+~. A,(x) =- -- 
xB,(-x) 
1 
xB,(x) 
(n > 0). 
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As (ii) implies (i), we have Lemma 1. Since f’(0) = 0, we have also 
$(A,(x)~- l)=O at x=0, 
and hence Lemma 1’ follows. We also have (5), (7). Hence, considering the 
cases ( lo)-(3”) in the proof of Lemma 2, we get Lemma 2’. The proof of 
Lemma 3’ is the same as that of Lemma 3. 
Now applying Lemma 3’, we obtain 
uffl+1 
-fm+W I 24,(4-2 
x&(x) x .B,(x) ' 
and hence, noting that x B x2 > .Y, , we can establish Theorem 2. 
4. UNIQUENESS OF THE POLYNOMIALS f(x) 
A simple continued fraction expansion is said to be symmetric if it has 
one of the following forms: 
LO; a,, a,, . . . . a,, a,, . . . . a2, aI1 with a,>1 
or 
CO;a,,a,,...,a,~,,a,,a,~,,...,a,,a,l with a, > 1. 
THEOREM 3. Let 0,(x) = 0,(x; f) be the series defined by (1). If, for each 
n = 1,2, and 3, 0,(x) or 0,(x)/x has a symmetric continued fraction expan- 
sion for infinitely many integers x, then the length of the continuedfraction 
must be odd and the polynomial f(x) must be of the form (i) or (ii) in 
Theorem 1 or 2, respectively. 
Prooj If 0,(x) = A,(x)/B,(x) or 0,(x)/x = A,(x)/(xB,(x)) have a 
“symmetric” continued fraction of length k =k(n, x) for infinitely many 
integers x, then we have 
&b) I A,(x)’ + (- 1 jk 
(cf. [6]). In particular, 
x 1 A,(x)2 + (- l)k. 
If k = k(n, x) is even for infinitely many integers x, then s divides 
A,(x)‘+ 1 in Q[x] and hence A0(0)2 + 1 =O, which contradicts the fact 
that A,(x) E Z[X]. Therefore 
h,(x) I A,(x)~ - 1 for infinitely many x E Z. (9) 
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-uf’(-xl lf(-~,(f(-~, + 2) for infinitely many s E Z, 
xlf(x) + 2 for infinitely many .Y E Z, 
i.e., f(O) = -2. Then we obtain, from (9) with n = 2, 
and therefore, 
so that 
,uf(*~)f(-~) I .frbKfr(x) A l(-y)2 + 224 I(X)), 
x Ifs(x) A,(x)‘+ 2A,(x). 
Hence we have fi(0) A,(0)2 + 2A,(O) = 0, where A,(O) = 1 +f(O) = - 1, so 
that f2(0) = 2. We also have from the relation (9) with n = 3, that 
f3(0) A*(O)* + 2A,(O) =O, where A,(O) = 1 +fi(0) . A,(O) = - 1. Hence we 
get f3(0) = 2. Therefore we obtain the condition (i)’ which determines f(x) 
uniquely as was remarked at the end of Section 1. Furthermore, if 
e&)/x = A,(xY(x&(x)) h as a symmetric continued fraction expansion for 
infinitely many integers x, then we must have 
x&(x) I A,(x)‘- 1 for infinitely many x E Z. 
Taking n = 1, we get x2 If(x) + 2, which implies f’(0) = 0, and the condi- 
tion (ii)’ follows. 
5. EXAMPLES 
The polynomials f(x) in Theorem 1 or 2 are of the form (i)” or (ii)” 
respectively: 
(i)” f(x)= -~+u,x+u~,x~+ . . . +a,#, 
with 
1 
a, = -22a, - ~4~~ -pa, _ . . - 2i- Ia,, 
a, = 1 - 224 - 24a, - 26a, - - 2Jp 2~j, 
a3,a4 ,..., a,E.Z. 
(ii)” f(x)= -2+a2x2+a,x3+ . . . +a,~“, 
with 
a2 = 1 - 22a4 - 24a, - Z6a, - . . - 2’ 2a,, 
a3= -22a,-24a,-26a,- . . . -2fp3ai, 
a4,u5, . . . . ~,EZ. 
n>2,a,>O, 
i=2[(n+1)/2]-1 
j= 2[n/2] 
n > 4, a, > 0, 
i=2[n/2] 
j=2[(n+1)/2]-1 
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We remark that if we take g(x) - 0 in Theorem 2, then U, < 0, since we 
have f(x) = x2 - 2 and 
fn+ 1(x) fM2 fH(X) 
xB,(x) -=c- = xB,p ,(x)’ 
n = 1) 2, 3, . . . . 
x2-2 
24, = [ 1 - -16-l. x2 
However, the formulas in Theorem 2 will remain valid; for example, 
8,(x; x2 -2)/x = [O; x2 - 2, 1, x2 - 23 
= [O; x2 - 1, 1, - 1, 1, x2 - 11, x b 2. 
We give some examples of simple continued fraction expansions of 
e,(x;f) and O,(x;f)/x. 
EXAMPLE 1. f(x)=x3+x-4x-2, xl(f)=3 (g(x)=l) 
(1) x = 3, fi(x) = 22, f2(x) = 11042, f3(x) = 1346426167682, . . . 
e,(x) = 23/66 = [O; 2, 1, 6, 1, 21 
e,(x) = 253967/728772 = [O; 2, 1,6, 1, 1, 1, 166, 1, 1, 1, 6, 1,2] 
e(x) = [O; 2, 1, 6, 1, 1, 1, 166, 1, 1, 1, 6, 1, 1, 1, 
1847526, 1, 1, 1, 6, 1, 1, 1, 166, 1, . ..I 
EXAMPLE 2. f(x) =x4 - 3x2 - 2, x,(f) =x?(f) = 3 (g(x) =x) 
(1) x = 3, fi(x) = 52, f*(x) = 7303502, 
f3(x) = 2.84527737268272... x 102’ 
e,(x) = 53/156 = [O; 2, 1, 16, 1,2] 
Bl(x)/x = 53/468 = [O; 8, 1,4, 1, S] 
e,(x) = 387085607/l 139346312 
= [O; 2, 1, 16, 1, 1, 1, 46816, 1, 1, 1, 16, 1, 21 
B2(x)/x = 387085607/3418038936 
= [O; 8, 1,4, 1, 7, 1, 15604, 1, 7, 1, 4, 1, S] 
e(x) = [O; 2, 1, 16, 1, 1, 1, 46816, 1, 1, 1, 16, 1, 1, 1, . ..] 
&x)/x= [O; 8, 1,4, 1, 7, 1, 15604, 1, 7, 1,4, 1, 7, 1, . ..] 
(2) x = 4,f,(x) = 206, f2(x) = 1800686786, 
f3(x) = 1.05136305155027... x 103’ 
e,(x) = 207/824 = [O; 3, 1, 50, 1, 31 
8,(x)/x= 207/3296= [O; 15, 1, 11, 1, 151 
e,(x) = 372742164703/1483765911664 
= [O; 3, 1, 50, 1, 2, 1, 2185298, 1, 2, 1, 50, 1, 31 
e2(x)/x = 37274216470315935063646656 
= [O; 15, 1, 11, 1, 14, 1, 546323, 1, 14, 1, 11, 1, 151 
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&lx)= CO; 3, I, 50, 1, 2, 1. 2185298, 1, 2, 1, 50, 1, 2, 1, . ..] 
BJs)/.r= [O; 15, I, 11, 1, 14, 1, 546323, 1, 14, 1, 11, 1, 14, 1, . ..] 
EXAMPLE 3. f(x) = 2s” - 7.~’ - 2, xl(f) = x2(f) = 3 (g(x) = 2x) 
(1) x = 3,f,(x) = 97, f*(x) = 176992697, 
f3(x) = 1.96268852735739... x 1033, .. . 
e,(x) = 98/291 = [O; 2, 1, 31, 1, 21 
0,(x)/x = 98/873 = [O; 8, 1,9, 1, 81 
19,(x) = 17345284307/51504874827 
= [0;2, 1, 31, 1, 1, 1, 608221, 1, 1, 1, 31, 1, 21 
8,(x)/x = 17345284307/154514624481 
= [O; 8, 1, 9, 1, 7, 1, 202739, 1, 7, 1, 9, I, 81 
e(x)= [0;2, 1, 31, 1, 1, 1, 608221, 1, 1, 1, 31, 1, 1, 1, . ..] 
8(x)/x = [O; 8, 1,9, 1, 7, 1,202739, 1, 7, 1,9, 1, 7, 1, . ..I 
(2) x = 4, f,(x) = 398, f2(x) = 50182545602, 
f3(x) = 1.70141183460469... x 103*, . . . 
e,(x) = 339/1592 = [O; 3, 1,98, 1, 31 
6,(x)/x= 39916368 = [O; 15, 1, 23, 1, 151 
e,(x) = 20022835695199J79890612598384 
= [O; 15, 1, 23, 1, 14, 1, 7880423, 1, 14, 1, 23, 1, 151 
&(x)/x = 20022835695199/319562450393536 
= [O; 15, 1, 23, 1, 14, 1, 7880423, 1, 14, 1, 23, 1, 151 
e(x)= [O; 3, 1,98, 1,2, 1, 31521698, 1, 2, 1,98, 1,2, 1, . ..] 
&x)/x= [O; 15, 1, 23, 1, 14, 1, 7880423, 1, 14, 1, 23, 1, 14, 1, . ..] 
(3) x = 5,f,(x) = 1073, f2(x) = 2651108873177, 
f3(x) = 1.7014118346042... x 1038, . . . 
e,(x) = 1074/5365 = [O; 4, 1,213, 1,4] 
8,(x)/x = 1074/26825 = [O; 24, 1,41, 1,241 
e,(x) = 2847290929792099/14223199104594605 
= [0;4, 1, 213, 1, 3, 1,494148903, 1, 3, 1,213, 1,4] 
&(x)/x = 2847290929792099/71115995522973025 
= [O; 24, 1,41,23, 1,98829779, 1,23, 1,41, 1,241 
e(x)= [0;4, 1, 213, 1, 3, 1, 494148903, 1, 3, 1, 213, 1, 3, 1, . ..I 
8(x)/x= [O; 24, 1, 41, 1, 23, 1, 98829779, 1, 23, 1,41, 1, 23, 1, . ..I 
EXAMPLE 4. f(x) = x4 -9x3 - 3x2 + 36x - 2, xl(f) = 9 (g(x) = x - 9) 
(1) x = 9,f,(x) = 79, f2(x) = 34496849, f3(x) = 1.441617719... x 103’, .., 
O,(x) = 80/711 = [O; 8, 1, 7, 1, S] 
O,(x) = 2759747921124527259639 
= [IO; 8, 1, 7, 1, 7, 1, 48517, 1, 7, 1, 7, 1, 83 
e(x)= [O; 8, 1, 7, 1, 7, 1, 48517, 1, 7, 1, 7, 1, 7, 1, . ..] 
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6. TRANSCENDENCE 
If f(x) is of the form (i) and degf= 2, then 0(x$) is an algebraic 
irrational for all integers x 2x,(f)= 3) [ 111. However, we have the 
following. 
THEOREM 4. Let f(x) be of the form (i) with deg f 2 3 and x ( ax,) be 
an integer. Then the number 0(x; f) is transcendental. 
Proof It is enough to show the transcendence of O(x) for all sufficiently 
large integers x, since 
and 
Let f(x) be a polynomial of tth degree with t > 2 and c denote its leading 
coefficient. Then, for arbitrarily given a, b with a < c < b, we can assume 
that ax’< f(x) < bx’ and the function f(x) is monotone increasing for 
x > x3(a, b, f ). Then we have 
fwr(x)<b i+t+ tf-1 .Xtm (m = 1, 2, . . . . n), 
,n+ I
fn+l(x)>al+‘+~~~+‘“~x , 
K,(x) <b 
r”+‘/(r-1)2--n/(r-l) ,X(P+‘-l)/(r~l) 
for sufficiently large x. Hence we have 
wn+lb)=l + l%fn+ 1(x) 
1% M-x) 1% &(x) 
t n+‘-1 
>1+ 
~loga+t”+‘logx 
( 
t 
n+l -1 n 
> 
n+l -1 -- 
(t-1)2 t-l w+ft~l .1%X 
--f 1 +loga+(t-1)log.x 
-& log b + log x 
=0, say, 
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Choosing h-u sufficiently small, we have (1) > Z--E for an arbitrary 
positive E, hence 
Thus, we have 
A,,(x) O<O(x)- - 
B,,(-x 1 
1 1 
’ +f,+,(X)+frr+~(X)fn+~(x)+ .‘. 
1 1 <-- - 
x~~~~‘B,+,(x)<~,~~~‘B,(x)‘~” 
n>> 1, 
which leads to the transcendence of the number O(x) by Roth’s theorem. 
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